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a mixlure of s l a l e ~  lhal are macroscopically essentially equivalrnl may suppress the 
violation. 'I31hus in general thc inqualily will not be violated by mixed states (excepl very 
special ones). 

Bell 111 demonstrated that quantum mcchanics is a theory that violates local realism. 
His proof involves violation of certain inequalities, t h u s  the extent of the violation 
may provide some measure for the non-locality of the theory. In this letter we shall 
confine ourselves to the particular inequality (equation (4) below) that was derived 
in [21. It has been shown [3, 41 that all entangled (i.e. non-product) pure states 
can, by appropriate choice of observables, lead to a violation of Bell's inequality 
(BIQ). Similarly and trivially it was shown 141 that product states cannot lead to such 
violation. The above results are qualitative, i.e. they are applicable to states made 
up of particles of arbitrary spin. Thus it was shown (5, 61 that two particles each 
with high (macroscopic) spin may still lead to maximal violation of BIQ. We shall 
show below that mixing such a state with states that are equivalent macroscopically 
(but microscopically different) renders the violation of BIQ unobservable. Thereby we 
show that although quantum mechanics violates local realism this very theory restricts 
the occurrence of this bizarre attribute. 

This letter is organized as follows. We briefly outline the proof [4, 5 )  that every 
pure entangled state may lead to violation of BIQ. Then we show that a certain class 
of mixed states whose index of correlation [7] is non-zero cannot lead to violation 
of BIQ. These we term states possessing classical-like correlations. Following this we 
consider an example of a mixed state which cannot violate BIQ even though each of 
IU two wnsutueiii purc ~ a i ~ >  nuiatch U I V  i ~ i d ~ i i i i ~ i i y .  tu L I ~  JUIILLUI= w= p w ~ i i t  uur 
main point: a mixture of two pure states which arc macroscopically indistinguishable 
will not violate the inequality though each State can lead to maximal violation of BIQ. 

We now show that every entangled state can lead to violation of BIQ. Let 'Hc 
('M,) be the Hilbert space pertaining to C ( D ) .  Lct thc normalizcd entangled state 
be 
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Here {I$,)) is an orthonormal base of 71, , and {I&)} is an orthonormal base of 
‘H, , and we take a l  # 0, a? # 0. (We may take a, as positive real numbers in the 
Schmidt decomposition, equation (1)) Let us define the Hermitian operators (whose 
eigenvalues are f l )  

C ( 7 )  = IC - 21e,)(e,l 
D ( 6 )  = I, -21es)(esl. 

Here le,) is a unit vector in  7-1, such that 

( e ,  I A) = 0 for 11 > ? (3) 

with a similar relation for les) and 4”. I, is the unit operator in Xc; I ,  plays a 
similar role in 71,. We refer to C(y)  and D ( 6 )  as our ‘observables’ and to y and 6 
as the ‘orientations’ of the apparatus. We search for orientations leading to violation 
of BIQ. For the latter we take [2] 

I(c(y)D(6)) + (C(Y‘ )D(~) )  + ( ‘ 7 y ) W S ’ ) )  - (C(y’)D(6’))1 E f b 2. (4) 

Defining 

( e ,  I@,) = cos(Y/?)  ( e ,  I & )  = sii i(r/2) (sa) 
(ea 16,) = cos(6 /2)  (ea 16,) = si i r (6/2)  (5b) 

one readily obtains 

( @ I C ( y ) D ( 6 )  I ‘P) = 1 - ( a ~ + a ~ ) + ( a ~ + a ~ ) c o s y c o s d + 2 a , a a s i n y s i n 6 .  

(6) 

Substituting this, and the corresponding results for y’ and 6’ in equation (4), and 
choosing y = 0, y’ = r / 2 ,  6 = -6’ - - arctaii c, with c = 2 a 1 a 2 / ( a ~  + a : )  we get 

f = 2 + 2 ( a ? +  a ; ) ( \ m -  1)  > 2. !7! 

These values for the orientations were chosen to maximize f as a function of the 
orientation angles. Clearly for normalized states with only WO non-zero terms (i.e. 
a t + a ;  = 1) maximal violation is obtaincd for U, = U ?  = l/&. This is the maximal 
violation attainable [SI. 

It is easy to see 141 that a pure non-entangled state (i.e. a product state) cannot 
violate the BIQ, Similarly it can he seen that  whenever the density matrix in the 
combined spaces is a product no violation of BIQ is possible. We note that in this 
case, viz. pcD = pc @ p,,, the index of correlation of the system [7] vanishes. We 
now show that a density matrix whose diagonal form is (1 2 p, 2 0 ,  pn = 1 )  

pCD = C p,,i@,~)i6,,)(~,~i(~,,i (8) 
n 

which, in general, cannot be written as a product (i.e. pCD # pc L% P, and thus its 
index of correlation does not vanish 171) cannot lead to violation of BIQ. ?he proof is 
immediate upon the substitution of this State (equation (8)) into the W S  Of equation 
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(4) and noting that the expectation value splits into a sum of terms each weighed 
with pn and involving a product state which cannot violate the BIQ. Thus this case, 
Le. pCD of the form of equation ( S ) ,  can be associated with mrrelations (between 
C and D )  which are classical-like. 

We now turn to the more interesting case. We consider a mixed state whose 
diagonal form is 

Here at least one state Irk") is entangled. In particular we consider two particles, C 
and D, with total spin j c , j ,  respectively. We now consider a special case p, = 0 
for n > 2 ,  pn # 0 for n < 2, and 

1'1) = I j C , n l C ) l j D ? m D )  (loa) 

(lob) 
I 

) - -[ l j ,?mC - 1 ) l j D 7 n l D ) +  I j , % ? ~ ~ , ) l j D > m D - 1 ) ] .  - 4  
Clearly for the second state maximal violation of BIQ can be achieved (cf. equation 
(7)). Here our relevant C space is again two dimensional ( l j ,  , mic), Ij,,  ni, - 1)). 

j,,m, - 1) = cos( -y /?) ,  ( e g  I I,, i n D )  = c o s ( 6 / 2 ) ,  ( e ,  I j c , n z c )  = sin(y/2), 
(ea I jD ,mD - 1) = sin(6/2). A straightforward calculation leads to 

Sa tbp_ C n i r e  W e  may 8ga.i.: appp!y the definitions leniiatinnc ( 5 ) )  with /e I i-7 I \'~-7"~"- ,~,,, ...... "I,---' 

(C(y)D(&)) = ( p , , - - l ) ' ~ ~ y c o s 6 + p , s i n y s i n 6 .  ('1) 

Thus for p,  = p2 no violation of BIQ is possible. More generally, the maximum 
of f is now 2Jp? - P , ) ~  + p:, which decreases from 2& to 2 when p1 increases 
from 0 to 11.5. Hence, for p,  115 BlQ cannot be violated. If one considers the 
more complicated case where both IY1) and IY,) are maximally entangled states, it 
is easy to show that for the mixed state the violation is, if at all, generally smaller. 
An illustrative extrema1 case is when all entangled states (equation 9) are equally 
probable-then a simple rearrangement of terms leads to a classical-like density 

Consider now the case wherein, in equations (IO), j ,  2 j, zz lo9 (i.e. a large 
value) and mc 2 nlD = j,. In this casc the two states of equations (10) are, from 
the macroscopic viewpoint, indistinct. Thus we see that a macroscopic state which 
is a mixture of microscopically distinct states will not in general lead to violation of 
BIQ. If the violation is the measure of non-locality, we see that non-locality is not 
expected to be observed for macroscopic mixed states-bar mixing of very particular 
states only. 
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acknowledges the hospitality of the Physics Department at the Echnion. This research 
was supported in part by the Rchnion W R  FundSteigman Research Fund, and by 
the Fund for the Promotion or Rcscarch at the Tcchnion. 
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